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Fig. 2 Equivalence of solutions for constant and varying edge
temperatures.

and Eq. (6) becomes
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After separating variables and utilizing the transformed boundary
conditions, the solution of Eq. (9) becomes

T*(r*,t*) = AJ0(Ar*)e~'-2t*+\-r*2 (10)
Further application of the boundary conditions, integration,
and simplification results in

r /; #
°v r*2

(11)

Equation (1 1) is the complete solution for the case of uniform
edge temperature. For complete details of all mathematical
steps, the reader should consult Ref. 5. When the edge temperature
becomes a function of time however, with Eq. (9) remaining
the same, T(r = R,t) = f(t), the new original boundary condition,
is transformed to T*(r* = l,r*) - T(r* = l,f*), with the other
transformed boundary conditions remaining the same. By
DuhameFs theorem, which basically allows the transient solution
to be expressed in terms of the steady-state solution as defined
by Eq. (11), it is possible to express the exponential portion of
Eq. (11), the only portion that changes, as follows:

F(r-i)T(r*f t (12)

F( + 0) is the edge temperature function evaluated at time = 0
while F'(t—i) is the first derivative of that same function.
The integration thus required is with respect to the time
variable and is, generally, of the form

(13)

where a polynomial edge temperature function has been assumed.
Thus Duhamel's theorem provides a very useful tool with

which to solve the case of varying edge temperature once the
solution for a uniform edge reference temperature has been
established. The following curve provides a numerical example,
in lieu of a classical mathematical proof, that the two solutions

are equivalent. The edge temperature function, based on data
by Laganelli,3 is given by f ( t ) = 79.86 + 5.874r.

Conclusions
The result shows that even though the edge temperature

varies with time, the difference between the center and edge
temperature remains constant; thus the gage correctly measures
heat flux input through both transient and steady-state sink
temperatures. For small values of time, the exponential time
function dominates the solution, and it is important to carry
more terms in the Bessel summation. As time increases, how-
ever, the exponential quickly fades as does the contribution
of each succeeding Bessel term. Unlike Fourier summations,
only five terms of the Bessel series, with the number decreasing
with increasing time, gave very good accuracy. Small gages
are controlled by the transient part of the eigenvalues (//s),
while the Bessel portion, as defined by the same eigenvalues,
controls the geometry. Accuracy, then, does not suffer as the
sink temperature varies with time, but does depend on a gage
response at least as fast as the edge temperature is changing.
The following curve shows time constant vs gage radius, time
constant being defined as that time at which temperature
reaches 63% of its steady-state value.
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Introduction

THE operational limits of heat pipes in terms of maximum
heat flux have been studied by many investigators.1 ~4 Some

limits have their origins in the vapor flow behavior such as the
sonic and the viscous limits,3'4 while others such as the boiling,
capillary, and entrainment limits are not directly related to vapor
flow. The minimum heat transfer limit discussed here is mainly
a result of the vapor flow phenomenon. It is defined as the lowest
rate of heat transfer through the heat pipe below which there no
longer exists a section with a uniform temperature higher than the
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condenser ambient temperature along the heat pipe condenser
section, and the temperature decreases continuously in that
section. When the heat transfer rate is lower than this minimum
in a heat pipe, energy is transferred along the system by heat
conduction through the heat pipe wall and liquid-wick matrix
as well as the vapor, and the heat pipe wall ceases to function as
an effective heat transfer device as intended. In such a situation, a
relatively large vapor pressure drop occurs along the heat pipe.
This pressure drop in simple heat pipes is mainly due to viscous
effects, while in gas-loaded heat pipes it can also be a result of the
increasing volume and partial pressure of the noncondensible
gas in the vapor-gas region of the system. When the non-
condensible gas enters the evaporator section, a large-scale
mixing of vapor and gas will take place.

To demonstrate the existence of the minimum heat transfer limit
in heat pipe operation, the partial differential conservation
equations of mass, momentum, energy and species developed for
studying the normal operation of the simple and gas-loaded
heat pipes6'7 have been solved under specific conditions for a
simple sodium heat pipe and a sodium-argon gas-loaded heat
pipe. By lowering the rate of heat transfer through the system the
minimum heat transfer rate is established in each case, and the
axial temperature profiles obtained by neglecting the axial heat
conduction through the heat pipe wall and the liquid-wick
matrix as the heat pipe approaches the above limit are presented.

General Considerations
The minimum heat transfer limit in heat pipes is encountered

in experiments when the rate of heat input to the system has to be
raised above a certain level before a nearly uniform temperature
can be established along the heat pipe. This and other similar
observations reveal that below certain heat transfer rates the
highly conductive heat pipe wall transmits a major portion of
the total heat input to the heat pipe, and the vapor contributes
little to the heat transfer process. In other words, conduction
rather than convection becomes the dominant heat transfer mode
in the heat pipe. A qualitative description of this minimum heat
transfer limit has also been given by Cotter8 in relation to heat
pipe start-up dynamics. Busse4 has also indicated the existence of
this phenomenon.

In order to compare the relative magnitude of the heat transfer
rate by conduction to that by convection along the heat pipe,
the partial differential conservation equations of mass,
momentum, energy and species for the simple and the gas-loaded
heat pipes are solved numerically for the operating conditions
near their minimum heat transfer limits. To demonstrate clearly
the significant role of vapor flow, the present calculation assumes
negligible energy transport through the heat pipe wall and the
liquid-wick matrix. This, however, is not to minimize the
importance of the axial heat conduction through the heat pipe
wall and the liquid-wick matrix, especially in the operating
conditions near the minimum heat transfer limit because of the
large temperature gradients. A method has been indicated7
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Fig. 2 Axial temperature variation along the vapor-liquid interface of
the sodium-argon gas-loaded heat pipe.

regarding how to incorporate the axial heat conduction through
the heat pipe wall and the liquid-wick matrix into calculation
in actual determination of the minimum heat transfer limit.

The governing differential equations for the simple heat pipe
consist of the mass, momentum and energy conservation equa-
tions. For the gas-loaded heat pipe, the species conservation
equation is also included. For the numerical method of solution
employed here, the mass and momentum conservation equations
are expressed in terms of stream function and vorticity. In
cylindrical coordinates they have the following general form:

I AY ^\\ iA/' ^ M _ A J k Aa+\fa\?fo)]~a+\fo(?fa)$~fal ^fa^*
d f d

dr —

where <p represents any of the following variables: vorticity,
stream function, enthalpy or mass composition; \l/ is stream
function and a, b, c and d are functions of the variable 0.9 The
boundary conditions to these equations for simple and gas-
loaded heat pipes and the over-all energy, mass and species
constraints on them have been extensively discussed elsewhere.6'7
The equations are solved numerically by using the upwind
method of differencing.9 The results are obtained by carefully
following the special solution procedures given for the simple
and gas-loaded heat pipes.6'7

Results and Discussion
A cylindrical heat pipe with sodium as the working fluid

operating in a certain temperature range is selected in such a way
that while the operating pressure inside the system is low, the
pressure and temperature drops along the pipe are relatively
large.6 Six cases of simple heat pipe operation at heat transfer
rates above, near and below the minimum heat transfer limit are
analyzed. Table 1 gives the primary information about the six

Table 1 Primary information on the six simple sodium heat pipe
cases

Case
No.

1
2
3
4
5
6

UK)

400
400
400
400
400
400

Tae(K)

820
760
700
690
680
650

T0(K)

750
700
650
640
630
590

r0(m)

0.025
0.025
0.025
0.025
0.025
0.025

L(m)

0.6
0.6
0.6
0.6
0.6
0.6

(Wm~

24.0
18.0
17.0
16.7
15.4
13.7

'A
182.0
133.0
127.0
119.0
106.0
64.7

Fig.l Axial temperature variation along the vapor-liquid interface of
the simple sodium heat pipe.

cases, while Fig. 1 shows the axial temperature distribution
at ^the heat pipe vapor-liquid interface of the six cases. The
symbols used in Table 1 are defined0 as follows: Tac the ambient
condenser temperature, Tae the ambient evaporator tempera-
ture, T0 the operating vapor temperature, r0 the vapor core
radius, L the heat pipe length, and Hc and He the over-all heat
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Fig. 3 Axial sodium-vapor mass composition variation along the vapor-
liquid interface of the gas-loaded heat pipe.

transfer coefficients in condenser and evaporator respectively.
From these results, the minimum heat transfer rate for the heat
pipe under study is found to be about 200 w, and at heat transfer
rates below this level a continuous temperature drop occurs
along the heat pipe.

Similar to the simple heat pipe case, a cylindrical heat pipe
with sodium as the working fluid and argon as the controlling
gas is selected for the analysis.7 Five cases of the sodium-argon
gas-loaded heat pipe are analyzed. In these cases, the rate of heat
transfer through the system is lowered in such a way that the
constant mass of argon occupies an increasing length of the heat
pipe condenser section and eventually enters the heat pipe
evaporator section in Case No. 5. Table 2 gives the primary

Table 2 Primary information on the five sodium-argon gas-loaded
heat pipe cases

Case
No. Tac(K) Tae(K) T0(K} r» L(m)

Hc He

1
2
3
4
5

400
400
400
400
400

1000
944
905
870
851

900
873
859
848
842

0.025
0.025
0.025
0.025
0.025

0.6
0.6
0.6
0.6
0.6

32
32
32
32
32

159
159
159
159
159

information about the cases studied while Figs. 2 and 3
demonstrate the axial temperature and sodium vapor mass
composition variations along the heat pipe vapor-liquid interface.
The minimum heat transfer rate limit is about 250 watts here
as demonstrated in Figs. 2 and 3. The profiles in Figs. 1-3 are
obtained as mentioned before, by neglecting the axial heat
conduction through the heat pipe wall and the liquid-wick
matrix. Obviously, when this conduction contribution is taken
into consideration, the minimum heat transfer limit will be much
higher, and its importance in actual design consideration cannot
be overlooked.
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Variable Time Step Method for
Determining Plastic Stress Reflections

from Boundaries
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IT is the purpose of this Note to call attention to the
advantages of the use of a variable time step direct integration

method, in conjunction with a finite element analysis, for
obtaining accurate results for elasto-plastic wave propagation,
including reflections from fixed boundaries.

Recently, increased interest has been shown in the application
of finite element analyses to problems in structural dynamics.
An important role in such procedures .is the appropriate use
of a direct integration method to handle the time dependence.
The more popular schemes employed have been Houbolt's,
Newmark-Beta, central difference, and Wilson's methods. These
procedures have been surveyed in a number of publications,
for example, by Nickell1 and the present authors.2 These
procedures all involve the use of a constant time step.

The present authors applied a number of direct integration
techniques to the finite element analysis of a rod experiencing
elastic and elasto-plastic wave propagation effects, either from
an applied step pulse, or from a constant velocity impact into a
rigid barrier.2 After completion of the investigation, it was
concluded that constant time step procedures, while capable of
being adjusted to converge to acceptable results, were inappro-
priate to many practical problems, in particular to the
increasingly important area of crashworthiness. The problem of
selecting a constant time step, which would lead to convergent
results is computationally equivalent to "flying" a vehicle, crash-
ing it, and analyzing it several times until a time step is found
that produces satisfactory convergence. This need for duplication
of analysis is eliminated by the use of variable time step
procedures, in which the time step may be varied at different
instants to reflect the dynamic behavior of the structure, i.e., the
time increment is increased during a slowly varying portion of the
response, and decreased during a rapidly varying portion of the
response. Thus, stability, accuracy, and efficiency requirements
are met by built-in procedures.

In this Note, the authors draw on results obtained by them
in Ref. 1, and more recently, to support the feasibility of
applying a variable time step procedure to finite element
structural dynamic analysis. The procedure referred to is a
Grumman-developed version of the modified Adams method.3
It has been applied to a variety of significant aerospace
structural dynamics problems, for example, as listed in Refs. 4
and 5. Recently, the present authors have employed this variable
time step procedure to obtain accurate predicted results for
elasto-plastic wave propagation, including the case of waves
reflected from boundaries. The method employs Taylor series
expansions to obtain predictor-corrector expressions, truncated
to difference form, of the solution to a first-order system of
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